Abstract: The paper introduces a static gain state observer for linear continuous systems under sustained oscillations driven by intrinsic and inaccessible for measurement pulse-modulated feedback. This kind of hybrid dynamics arises in e.g. modeling of endocrine systems with pulsatile regulation. Conditions under which the observer state estimation error converges to zero and the sequence of pulse modulation instances estimated by the observer asymptotically synchronizes with that of the plant are presented.
INTRODUCTION
Systems with instant modulated impulses constitute a classical topic in control theory and engineering. Several books such as Gelig and Churilov [1998] , Yang [2001] cover this area of hybrid dynamic systems with classical applications in electronics and telecommunications. Mathematical tools of impulsive control theory are treated in Lakshmikantham et al. [1989] , Samoilenko and Perestyuk [1995] . In engineering systems, impulse-modulated control is typically designed for a given plant to yield a feedback law that is easy to implement in hardware. In biological systems, the mechanism of impulse modulation is widespread in e.g. endocrine feedback regulation where it underlies pulsatile secretion of important hormones such as testosterone, insulin, cortisol, .
In contrast with technical systems, impulse-modulated control signals (e.g. a release hormone concentration) are seldom available for measurement in studies of endocrine regulation and have therefore to be evaluated from concentrations of other hormones that are measurable in blood stream. The problem of state estimation in linear continuous systems with pulse-modulated feedback is thus very much relevant to estimation and filtering in hormone systems with pulsatile regulation, Robeva et al. [2007] . At present, the state-of-the-art for estimating concentrations of hormones secreted in pulsatile manner is the use of deconvolution techniques, .
Since the purpose of deconvolution is to reconstruct the input of a dynamic system given its output, the results will be highly dependent on the quality of the system model. Under significant structural and parametric uncertainty, common for mathematical models of biological systems, the result of deconvolution is in many cases unreliable. In endocrine systems, the situation with system model uncertainty is often aggravated by undersampling of system output, see e.g. Veldhuis et al. [1986] . No observer-based approaches to the problem of the estimation of unmeasured hormone concentrations have so far been considered. A reasonable explanation to that is the lack of relevant control-theoretical grounds for designing such an observer.
Even when the hormone kinetics can with reasonable accuracy be approximated by linear time-invariant dynamics, the closed-loop system incorporating the highly nonlinear and discontinuous pulse-modulated controller exhibits complicated nonlinear phenomena, Churilov et al. [2009] . Residual feedback, which is inherent to the observers based on prediction-correction principle, increases the overall dynamical complexity by adding a model of the nonlinear discontinuous closed-loop system and coupling it with the plant dynamics. This makes the analysis and design of the resulting observer a quite intricate matter.
The present paper introduces a static gain observer for linear continuous systems under sustained oscillations driven by intrinsic pulse-modulated feedback. First, system equations governing the state estimation error of the observer are summarized. Then a pointwise mapping completely describing the dynamics of the observer is formulated and its properties are studied. Conditions under which the observer state estimation error converges to zero and the sequence of pulse modulation instances estimated by the observer asymptotically synchronizes with that of the plant are derived. Finally, a numerical example is provided to illustrate the dynamic behaviors of the observer.
SYSTEM EQUATIONS
Consider a system comprising two subsystems -a plant with a pulse-modulated feedback and an observer. The plant is given by the following equations:
Here A, B, C, L are real constant matrices of appropriate dimensions, z ∈ R is the scalar feedback-controlled output, y ∈ R q is the measurable output vector, x ∈ R p is the state vector. Furthermore, the matrix A is Hurwitz stable and the matrix pair (A, L) is observable. The following assumed system properties are essential for further analysis:
The feedback pulse-modulated control of (1) is modeled by a sequence of Dirac delta functions δ(·) fired at the time instants t n (frequency modulation) and weighted by λ n (amplitude modulation):
(4) The functions Φ(z) and F (z) are strictly monotonic and bounded. In endocrine systems, Φ(z) is non-decreasing and F (z) is non-increasing function for z 0. Moreover, their lower bounds are strictly positive. Plant (1) is subject to the initial conditions x(0) and the first firing instant of the pulsatile feedback occurs after the initial time instant, t 0 0. Conditions (2) imply that z(t) and y(t) are continuous despite the pulse-modulated control signal ξ.
Notably, the feedback law is dynamic due to the recursion in the firing times of (4) and the output of the feedback controller ξ is not accessible for measurement. The latter is consistent with the situation in pulsatile hormone regulation of e.g. testosterone or cortisol in the human, . Obviously, for the case of a measured ξ, the observer design problem is immediately reduced to that for a linear time-invariant system and does not require special consideration.
Notwithstanding the linear continuous dynamics in (1), the overall plant model is nonlinear and discontinuous due to the amplitude and frequency modulation imposed by (3) and (4). The continuous linear dynamics of (1) is augmented with the discrete nonlinear dynamics of (3,4) resulting in a hybrid nonlinear closed-loop system. As known from Churilov et al. [2009] , all the solutions of system (1)-(4) are bounded and there are no equilibria. This is to reflect the fact that the oscillations in an endocrine pulsatile feedback system have to be self-sustained.
Suppose that plant equations (1)-(4) have an orbitally stable periodic solution with exactly one impulse fired in its least period. This solution will be called 1-cycle. The following conditions for the existence of such a solution were obtained in Churilov et al. [2009] . Proposition 1. Let there exist a scalar solution z 0 of the transcendental equation
Then there exists a 1-cycle in (1)- (4) with
Furthermore, if the functions F (·) and Φ(·) have continuous derivatives in a neighborhood of z 0 and the matrix
is Schur stable (i.e., all its eigenvalues lie strictly inside the unit circle), then this 1-cycle is orbitally stable.
In what follows, the conditions of Proposition 1 are assumed to be fulfilled. It is easily seen that the vector x 0 satisfies the equation
In order to estimate the state vector of (1), an observer is introduced as
The static feedback gain K is chosen so that the matrix D = A − KL is Hurwitz. Without loss of generality, it is assumed thatt 0 t 0 .
The state estimation error of the observer r(t) = x(t)−x(t) obeys the dynamics
Thus the overall system comprising the plant and the observer is governed by (1)-(4), (6)-(8). Typically for nonlinear systems, the plant dynamics have to be augmented with the observer dynamics to capture all possible behaviors of the state estimation error.
Since the observer dynamics do not influence the plant, 1-cycle in the plant can be assumed to have settled and sustained throughout the observation interval. Then system (5)- (7) can be seen as an impulse-modulated system driven by an external periodic signal. Due to the equality LB = 0, the external signal is continuous, i.e. the solutionx(t) is not subject to jumps at the time instances
. When the plant is in 1-cycle, observer equations (5)- (7) admit a solutionx(t) ≡ x(t + sT ),t n = t n+s , for some integer s 0. This solution will be called a synchronous mode. A synchronous mode is the desired steady-state of the observer since it corresponds to a zero state estimation error and a synchronization between the firing feedback sequence of the plant and that of the observer. Notice here that since the state estimation error r in (8) converges to zero asymptotically, a synchronous mode of (5)-(7) cannot be reached in finite time but can only be approached with any pre-defined accuracy.
Pointwise mapping
In a previous study of the plant dynamics of (1) under limit cycles, see Churilov et al. [2009] , the following pointwise mapping has been treated
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For observer (5), a similar mapping of the form
) not only depends on x(t − n ) but as well ont n , yielding a more complicated functional relationship.
Consider instead the pointwise mapping (
For the sake of brevety, denotex n =x(t − n ). Theorem 1. Let P (x, t) be a composition of two functions Q and ϕ, i.e. P (x, t) = Q(x, ϕ(t)), where
(10) Then pointwise mapping (9) is given by the equationŝ
Proof. The proof of the theorem is given in Appendix A.
Mapping (9) completely characterizes the dynamics of the observer under sustained limit cycles invoked by a 1-cycle of the plant. The integer m is equal to the number of impulses fired in the observer between two consecutive impulses of the plant.
Pointwise mapping properties
Since t k = t 0 + kT , the function ϕ(t) is T -periodic and undergoes finite jumps at t = t k . Nevertheless, the following statements are valid. Theorem 2. The function Q(x, τ ) and its partial derivatives with respect to x and τ are continuous for all x, τ .
Proof. See Appendix B.
Theorem 3. The function P (x, t) and its partial derivatives with respect to x and t are continuous for all x, t.
Proof. See Appendix C.
Thus, despite the discontinuity of ϕ(t), the introduced pointwise mapping of the observer is continuous and smooth.
LOCAL STABILITY OF SYNCHRONOUS MODE
Consider the solution (x n ,t n ) to discrete time system (11) corresponding to a synchronous mode:
where s is a certain fixed number. Then
Further, local stability (i.e. stability under small perturbations of the initial values) of this solution will be investigated.
Notice that the function ϕ(t) is discontinuous in a neighbourhood of this solution. Namely,
where
be Schur stable. Then the solution (x n ,t n ) of (11) with initial values (12) is stable with respect to small perturbations in initial conditions. The resulting synchronous mode is therefore an orbitally stable solution of (5)- (7).
Proof. The proof of the theorem is given in Appendix D.
The result above proves that observer (5)- (7) converges to the synchronous mode for all initial conditionsx(0) in some domain of the state space in vicinity of x(0). However, the size and geometry of this attraction domain are not evaluated here.
Since the only design degree of freedom in observer (5) 
Then there is always a matrix K such that D = A − KL is Hurwitz stable and J is Schur stable.
Proof. The proof of the theorem is given in Appendix E.
An alternative approach to stability study of the synchronous mode would be to consider the sequence τ n = ϕ(t n ) representing the phase shift between the firings of the pulse-modulated feedback of the plant and those in the observer. Then one can define a pointwise mapping (
where Q(x, τ ) is as in Theorem 1 while S(x, τ ) = τ + Φ(Cx) − mT, mT τ + Φ(Cx) < (m + 1)T. Define a band in R p+1 :
Then the mapping M (x, τ ) = (Q(x, τ ), S(x, τ )) maps B into itself. The avantage of this approach is that the synchronous mode corresponds not to a periodic solution, but to a fixed point of mapping (15):
The main disadvantage is that the function S(x, τ ) (and hence the mapping M (x, τ )) is generally discontinuous in B. Indeed, it exhibits gaps on the surfaces τ + Φ(Cx) = mT . However, if the points with coordinates (x, 0) are glued together with (x, T ), the band B turns into a cylinder, see e.g. di Bernardo et al. [2008] . It is streightforward to show that the mapping M (x, τ ) acting on the cylindrical phase space is continuous and smooth. So Theorem 3 remains valid also for mapping (15) considered on the cylinder.
To give this procedure a mathematical rigor one might define an equivalence relation on B with (x, 0) ∼ (x, T ) and then inroduce a topological quotient space B/∼, Willard [1970] . This quotient space is homeomorphic to a cylinder and M (x, τ ) is continuous and smooth on B/∼.
NUMERICAL EXAMPLE
In the human, testosterone levels result from a combination of basal and non-basal (pulsatile) secretion. To distinguish between them, mathematical models for both components are necessary. Since only pulsatile hormone secretion is treated here and the scope of the paper is limited to the theory of hybrid state observation, only a simulation example of testosterone regulation with biologically substantiated parameters (see Churilov et al. [2009] ) is considered below.
Assume the following values in model (1) The eigenvalues of J are evaluated to: σ(J) = {0.4745, 0.0101, −0.0000, −0.0000} proving J to be Schur stable. Therefore, a stable synchronous mode is exhibited in the observer.
In Section 3, only conditions for local stability of the 1-cycle are provided. However, for the presented set of parameters, computer simulations rather indicate global stability. Fig. 1 illustrates the transients of the sequenceξ(t) caused by perturbed initial values, with respect to dynamic characteristics of the 1-cycle of the plant ξ(t). Since pulse modulated feedbacks generate infinite Dirac δ-functions, the sequences ξ(t),ξ(t) are visualized in terms of the firing times t n ,t n and the weights λ n ,λ n . The parameters of system model (1), (3) are identical in the plant and the observer, while the initial values of the observer states are taken so thatt 0
The blue vertical lines of hightλ n positioned att n correspond to the observer firing sequenceξ(t). The pulse modulation of the plant is depicted by red lines of hight −λ positioned at t 0 +nT (with t 0 = 0). It can be seen that the firing instants ofξ(t) become synchronized with those of ξ(t) and the impulse weightsλ n asymptotically converge to λ.
The convergence of output estimation error is illustrated in Fig. 2 . Despite of the appearance, these signals are continuous due to the assumptions made on the system matrices.
CONCLUSIONS
The problem under consideration originates from the observing of hormone concentration levels under feedback endocrine regulation. Some hormones are secreted in a pulsatile manner by neurons of the brain with their concentrations inaccessible for direct measurement in the human which necessitates model-based estimation. However, there is no readily available theory for state estimation in linear time-invariant systems under inaccessible for measurement pulse-modulated feedback.
In this paper, a static gain state observer for a linear feedback system with instant impulses is proposed. It is proved that with a proper choice of the observer gains the firing times of the plant and of the observer become asymptotically synchronized. The introduced observer can be useful for state estimation not only in endocrine systems but also in other fields where impulsive feedback regulation is involved. Notice that the signals in question are continuous and the state variables are measurable at the system output.
Appendix A. PROOF OF THEOREM 1
Consider the sequence τ n = ϕ(t n ). Fix a number n and pick up a number k such that τ n =t n − t k . Then t k t n < t k+1 . Choose a number m 0 such that t k+m t n+1 < t k+m+1 . Therefore, the interval [t n ,t n+1 ] contains exactly m points of the sequence {t i } ∞ i=0 : t k+1 , t k+2 , . . . , t k+m . Hence
. . .
This implies By a direct computation it is seen that Q m (x, τ ) − Q m−1 (x, τ ) = U (τ + Φ(Cx) − mT ) (B.1) for all x, τ and integer m > 0.
Obviously, Q(x, τ ) and its partial derivatives can only have discontinuities on the surfaces τ + Φ(Cx) = mT , m = 1, 2, . . .. From (B.1) it holds that
The theorem is therefore proved.
Appendix C. PROOF OF THEOREM 3
Let the function U (τ ) be introduced as in the proof of Theorem 2. Then the formula Q(x, τ + T ) − Q(x, τ ) = e DΦ(Cx) U (τ ) (C.1) is valid for all x and τ .
To prove (C.1), fix some vector x and some τ . Pick a number m 0 such that mT τ + Φ(Cx) < (m + 1)T . Hence Q(x, τ ) = Q m (x, τ ). Then (m + 1)T τ + T + Φ(Cx) < (m + 2)T and Q(x, τ + T ) = Q m+1 (x, τ + T ). It can be easily demonstrated that
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The function ϕ(t) has only the discontinuities satisfying (13). Therefore to prove the theorem it siffices to show that for all x it applies
It can be seen that (C.2) follow from (C.1) and from the relationships U (0) = U ′ (0) = 0.
Appendix D. PROOF OF THEOREM 4
For simplicity, denote t
The equations for perturbations oft n andx n are straightforward to obtain
When considering small perturbations ofx n andt n , only four cases can arise:
From Theorem 2 and Theorem 3, the partial derivatives for these four cases coincide (this fact can as well be easily proved directly), namely:
By a straightforward computation the following relationships can be obtained
The mapping is a local contraction if the Jacobian J is Schur stable.
Consider the interimpulse behaviour of system (5) . Let us take a perturbed solution (x(t),t n ) witht n ≈ t If t ∈ [t n ,t n+1 ) ∩ [t 0 n , t 0 n+1 ) thenx(t) ≈x 0 (t), so that not only the trajectories but also the perturbed and unperturbed solutions are close to each other.
Consider the two remaining cases. Ift n t < t Suppose that t 0 n+1 < t t n+1 . Thenx(t) ≈ x 0 , so the trajectories are also close to each other. This is also implied by Theorem 3.
Appendix E. PROOF OF THEOREM 5
Notice that Φ ′ (z 0 ) = 0 since Φ(·) is assumed to be strictly monotonic.
Rewrite the matrix J as the sum of two terms: J = J 0 +J D , where
The matrix J 0 can be written as
implying rank J 0 = 1. Therefore, the matrix J 0 has a zero eigenvalue of multiplicity p. Then the remaining eigenvalue µ satisfies µ = tr J 0 = 1 + Φ ′ (z 0 )CAx 0 . Due to assumed property (14), it follows that the matrix J 0 is Schur stable.
Since (A, L) is observable, there is always such K that D = A − KL is Hurwitz stable with the eigenvalues arbitrarily far from the imaginary axis. Then the elements of e DT can be made arbitrarily small and causing J D to become small, too. Since for small perturbations in the elements of a matrix its eigenvalues do not significantly change, the matrix J will be Schur stable. The theorem is proved.
